INTRODUCTION
One approximation method that can accurately estimate a quantity of interest using relatively crude representations for the physical behavior of the system is the variational principle technique. This modeling method is applied to flextensional transducer analysis by coupling a variational principle developed for the resonance frequency of the piezoelectric driving element to one for the resonance frequency of the shell, carefully ensuring that the boundary conditions at the driver-shell interface are satisfied. The in-vacuo mode shapes and resonance frequencies for a Class IV transducer calculated in this manner are compared with finite element models and experimental data for the first two even-even modes of the transducer. There is good agreement between the methods in the calculation of the resonance frequencies of these modes, even though the mode shapes calculated variationally do not agree exactly with the finite element predictions.
Fluid-loading effects on the transducer are introduced by coupling the in-vacuo variational transducer model to a variational principle for the surface pressure on a radiating body. This surface variational principle is derived from the Helmholtz integral equation. The surface pressures determined using this variational formulation and the finite element method for a single Class IV transducer are compared for the first two even-even resonant modes. It is shown that the agreement for the surface pressure is better for the first mode, but in both cases the agreement is still reasonable. Possible reasons for these discrepancies are discussed, as well as options for calculating the far-field pressures from the variationally determined surface pressures. 
FIGURE I
A variational principle (VP) provides accurate estimates of some physical quantity without having to satisfy either the equations of motion or the boundary conditions exactly. The equations of motion and the boundary conditions are combined using the generalized method of E. Gerjuoy, A.R.P. Rau and L. Spruch ["A Unified Formulation of the Construction of Variational Principles," Rev. Mod. Phys. 55, pp. 725-774, (1983) ] into a variational expression.
Approximations to the behavior of the system, or trial functions, are incorporated into the VP to yield the estimate. The accuracy of this estimate can be improved by refining the trial functions. This is accomplished either by allowing the trial functions to satisfy some of the boundary conditions or by adding more terms to the trial function (Rayleigh-Ritz method). The development of a variational model for flextensional transducers is illustrated above. Once the individual VPs have been verified, they may be combined, using interface boundary conditions, into a variational model for the transducer which yields highly accurate estimates for the eigenfrequencies but less accurate mode shapes.
The simplified model geometry for the Class IV flextensional transducer is shown here. The transducer consists primarily of a piezoelectric stack driver and an elliptical or oval shell. The driving stack consists of rectangular slabs of piezoelectric ceramic with thickness t. The slabs are electroded on both ends, with the voltage alternating so that each pair of slabs is expanding along the x axis. This requires that the piezoelectric material constants must be rotated properly to ensure the correct poling direction is maintained. The motion and electric potential of the driver are modeled in Cartesian coordinates (x,y,z). As a first-order approximation, we can ignore the dependence of the stack motion on the coordinates y and z, leaving only pure extensional motion along the x axis. Insulators at the ends of the stack arincluded as purely elastic constituents. The driver is connected to the shell by a metallic shank which, for modeling purposes, is considered to be an additional mass on the driver.
The shell is a metallic elliptic cylinder, with a semi-major axis length a, a semi-minor axis length b and uniform thickness h. The shell motion is modeled in elliptical cylinder coordinates (ý,TI,z) relative to the shell's midsurface where
The shell motions depend only on the coordinate TI, which gives the angle between the local radius of curvature R(TI) of the shell midsurface and the x axis. Thus, at least formally, the shell motions are independent of the axial (z) and thickness (ý) coordinates, and the axial motion is uniquely zero. 
FIGURE4
The trial functions for the driver and shell are detailed here. The driver displacement along the x axis is described by an odd power series in the Cartesian coordinate x, which ensures that the two ends of the driver move equally and in opposite directions. The potential is described as a cosine squared series, which gives the trial functions a value of 0 where the actual potential is zero and a maximum value where the real potential is V 0 .
The trial functions for the shell are typical of most geometric shell theories. The form presented here is consistent with thick shell theory for circular cylindrical shells [I. Mirsky, "Vibrations of Orthotropic, Thick Cylindrical Shells," J. Acoust. Soc. Am. 36. pp. 41-51 (1964) ]. The total normal displacement W is the sum of a normal displacement w, dependent only on the angle 11, and a transverse normal shear V, also dependent only on the angle ri, multiplied by ý, the thickness coordinate normal to the midsurface of the shell. Sim.larly, the total azimuthal displacement V is the sum of a tangential displacement v and a change in curvature V., multiplied by ý. From the theory of elliptical rings [K. Sato, "Free Flexural Vibrations of an Eliptical Ring in its Plane," J. Acoust. Soc. Am. 57. pp. 113-115 (1975) ], it is known that the motion of the shell splits into four distinct categories that can be characterized in terms of their symmetry about the major and minor axes as even-even, even-odd, etc. To represent this, we parametrize the motion of the shell using trial functions which are odd and even (denoted by the superscripts o and e) in the tangential coordinate rq. 31-39 (1974) ]. The shank is assumed to move in unison with the driver, and flexure of the shank is neglected; thus, the driver displacement Ud is translated through the shank to the interior surface of the shell. We can then match the shell displacements with the driver displacements at the interface surface as detailed in the lower equations, where e is the eccentricity of the midsurface of the shell. The normal driver stress P, is similarly matched to the normal and shear shell stresses as well as possible. Because it is, in general, not possible to match both stresses and displacements simultaneously, any unmatched stress contributions are compensated for via additional work terms in the variational principle for the transducer's resonance frequency. The difference between the finite element and variational results for the first mode shape is less than 5%. The second mode is not represented as well, which is to be expected. The second even-even mode is clearly a higher order flexural mode of the shell. The variational principle does not pick up the additional bending in the second mode which occurs between five and six inches, although this does not appear to be a major discrepancy. As anticipated, the largest displacement is along the minor axis of the shell for both modes, with very little motion along the major (driver) axis. Although in practice the transducer consists of three shells, each with a length of 3.2 inches, stacked on top of each other, we are neglecting the dependence of the resonant modes on the length. This is justifiable since the lowest modes do not appear to have much axial motion associated with them. 
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FIGURE 9
The variationally determined eigenmodes of the transducer are denoted byU. (for the combination of the shell and driver displacements) and by 0. (for the electrostatic potential).
Any arbitrary displacement and potential can now be expressed as a linear combination of these modes. Because the in-vacuo eigenmodes of the transducer contain shell motions which are of even and odd symmetry about the major axes, we expand the surface pressure in even and odd functions of the angle TI as before. Combining these expansions with the coupled fluid-structure interaction equations yields the modal formulation of the surface variational principle, where (X) and ( FIGURE 10 A comparison of the variationally computed surface pressures to finite element calculations provided by GE/CR&D is shown for the first even-even mode (ca. 1 kHz). The pressure has been normalized to the maximum magnitude of the imaginary pressure component calculated by the finite element method along the minor axis. As can be seen, there is very good agreement between the two calculations, except for minor differences in the magnitude of the imaginary part (approximately 5%). The shape of the surface pressure is consistent with the pattern of the surface velocity for the first even-even mode, which is normal to the surface for all angles. Also, the finite element results for the real part indicate a slight change in curvature not seen variationally. Another indication of the validity of the results is that the surface pressure goes to zero as we approach the major axis. This is because there is very little transducer motion at the ends of the shell. This discrepancy might be eliminated with the inclusion of additional trial functions. NOW ods pIadW (htl)
The agreement between finite element results and the variational principle remains good for the second even-even mode, although there is some degradation relative to the first mode which is typical of such variational methods. Again, the magnitudes of the variational surface pressure components are within 5% of the finite element results. The curvature for the imaginary part of the surface pressure near the semi-minor axis is much more pronounced in the finite element calculations than in the variational ones. In addition, the curvature for the imaginary part near the semi-minor axis of the shell (major axis position < 0.7 inch) appears to be in the opposite sense. Overall, the agreement is better for the real part of the surface pressure. Finally, it is difficult to assess whether the pressure behavior near the major axis is accurately predicted by the variational principle or not. It would therefore be beneficial to have additional points closer to the major axis in order to determine the veracity of the variational calculations. 
FIGURE 12
In conclusion, we can see that a model of the class IV flextensional transducer based on variational principles yields good results for the resonance frequencies of the in-air transducer and the surface pressures on the fluid-loaded transducer. In both cases, the mode shapes calculated are reasonable, although the agreement for the second even-even mode is not as good as the first even-even mode. Possible sources of discrepancy between the variational and finite element treatments are slight differences in the material parameters and in geometry. Also, modeling the shell as an elliptic cylinder is an approximation; however, the geometric difference between an elliptic shell of constant thickness and the actual oval shell of the Class IV transducer is everywhere less than 3%, and the numerical integrations required for the variational calculation are greatly simplified in elliptic cylinder coordinates.
The surface pressures may be utilized to determine the beam pattern of the transducer in two ways. The first possibility is to use these pressures in a boundary integral formulation to obtain the pressure. The second is to match the variational surface pressures with far-field expansions evaluated at the transducer surface. This latter approach might be complicated, since the farfield expansion in elliptical cylindrical coordinates requires the use of Mathieu functions [G.A.
Brigham, J.J. Libuha and R.P. Radlinski, "Analysis of Scattering from Large Planar Gratings of Compliant Cylindrical Shells," J. Acoust. Soc. Am. 61. pp. 48-59 (1977) ] and must account for the finite transducer length. The transformation of this expansion to spherical coordinates could prove intractable, requiring the use of boundary integral methods anyway.
